The present work is devoted to the a posteriori error estimation for 2nd order elliptic problems with Dirichlet boundary conditions. Using the duality technique we derive the reliable and efficient a posteriori error estimator that measures the error in the energy norm. The estimator can be used in assessing the error of any approximate solution which belongs to the Sobolev space H 1 , independently of the discretization method chosen. In particular, our error estimator can be applied also to problems and discretizations where the Galerkin orthogonality is not available. We will present different strategies for the evaluation of the error estimator. Only one constant appears in its definition which is the one from Friedrichs' inequality; that constant depends solely on the domain geometry, and the estimator is quite non-sensitive to the error in the constant evaluation. Finally, we show how accurately the estimator captures the local error distribution, thus, creating a base for a justified adaptivity of an approximation.
Introduction
A posteriori error estimation has proved to be very essential for reliable scientific computing, and the literature on this subject is vast (see, e.g., the monographs [2] , [5] , [21] and also [6] , [16] ). Many different methods have been developed over the past decade, each having its own advantages and drawbacks. Some estimators possess the asymptotic exactness property, i.e. tend to the exact error with the growth of the dimension of the approximation space, but they may fail to provide a reliable upper bound for the exact error if some particular (relatively rough) approximation is considered. In addition, some of those estimators require a sufficient smoothness of the exact solution. Other estimators are free from the latter requirement and should, theoretically, yield a two-sided bound for the exact error, but they do not exhibit the asymptotic exactness. In this work we derive the a posteriori error estimator that has the asymptotic exactness property and, at the same time, provides a guaranteed upper bound for the exact error. The estimator is also completely independent of any particular discretization method and, hence, can be used in combination not only with finite element but also with finite difference or finite volume method, as well as for assessing the error in a post-processed solution.
In its original form, the estimator (like most existing a posteriori error estimators) is derived under the assumption that the approximate solution satisfies the Dirichlet boundary condition exactly. However, in many practically interesting cases, the essential boundary condition can be satisfied merely approximately either owing to complicated, e.g., non-polynomial Dirichlet data or because of accounting the boundary condition in a weak sense, like in fictitious domain methods (see, e.g., [13] ). Thus, the approximate solution does not, in general, belong to the set of admissible functions of the original problem, i.e. presents a non-conforming approximation to the exact solution (see [20] ). In this paper, we show how the estimator can be modified to take into account the error in the approximation of the Dirichlet boundary condition. The resulting estimator measuring the error in the energy norm has a very clear form: it consists of three separate terms, the first of which controls the boundary condition error, the second corresponds to the error in the duality relation (''the error in the constitutive law''), and the third represents the error in the equation for the dual variable (''the error in the equilibrium equation''). The estimator could be very useful for adaptive improvement of approximations on the domains with complicated structures (see, e.g., [14] ).
The a posteriori error estimation for the non-homogeneous Dirichlet problem has been recently investigated in [1] but with a different technique, namely, in the framework of the equilibrated residual method. In this paper, we will focus on Poisson's model problem but emphasize that our approach has the potential of being extended to more general elliptic problems and further types of the discretization error, such as the error in the geometric approximation of the domain (see [10] , [12] concerning the estimation of the geometric error). These topics will be addressed in a forthcoming paper.
The paper is organized as follows. We start in Section 2 with the preliminaries on the primal and dual variational formulations and the links between them, and obtain the basic estimate for the energy norm of the error in the primal variable. Then, in Section 3, we proceed with deriving the a posteriori error majorant for approximate solutions exactly satisfying the boundary condition. We also discuss the strategy for evaluating the majorant and the estimation of the local error distribution. Next, in Section 4, we present the modified error majorant capable of estimating the error for non-conforming approximations. Finally, we illustrate the developed theory by numerical examples (Sections 5.1-5.3), discuss the computational complexity of the estimator (Section 5.4) and draw the conclusions (Section 6).
Preliminaries
Let X be a bounded domain with Lipschitz continuous boundary C. Consider the Dirichlet problem: Find a function u such that ÀDu ¼ f in X; ð2:1Þ u ¼ u 0 on C; ð2:2Þ
where the trace of the given function u 0 2 H 1 ðXÞ defines the boundary condition on C. Throughout this paper, we assume that f 2 L 2 ðXÞ: 
It is well known that the solution to this problem exists and is unique. This solution can be characterized equivalently as the minimizer of the following variational problem:
where
To derive the dual variational formulation we employ the relation
Then we have
we immediately deduce the estimate
showing that rðv À uÞ in the L 2 -norm (which may be viewed as the approximation error) is majorized by the L 2 -norm of the difference ðrv À q Ã Þ with any q Ã 2 Q Ã f . However, if q Ã does not belong to Q Ã f , then the L 2 -norm of the difference ðrv À q Ã Þ does not, in general, provide an upper bound for the error. This means that any numerical approximation of q Ã should satisfy the constraint q Ã 2 Q Ã f with very high accuracy in order to guarantee a reliability of the error estimate; thus, the estimate (2.8) is not very useful for practical application. Our further efforts will be focused on finding a computable upper bound for the right-hand side of (2.8).
Error Majorant for Conforming Approximations
Functional-type a posteriori error majorants for conforming approximations have been derived by using general minimax theorems of convex analysis in [18] , [19] . For linear elliptic problems under consideration we will present in this section a much simplified way of deriving functional-type a posteriori estimates using a variant of the Helmholtz decomposition for the space L 2 ðX; R n Þ.
Theorem 3.1 Let u 2 V 0 þ u 0 be the solution to the problem (2.1), (2.2) and v any function from V 0 þ u 0 .
where b is an arbitrary positive number, y Ã is any function from
and C X is the constant from Friedrichs' inequality for the domain X.
Proof. Let us first consider the homogeneous equation, i.e. the problem
After repeating the derivations of the preceding section with f 0 we obtain (see (2.8))
In order to estimate the right-hand side of (3.4) for any fixed v 2 V 0 þ u 0 , we take an arbitrary function y Ã from the space H ðX; divÞ. As y Ã 2 L 2 ðX; R n Þ, we have for y Ã the Helmholtz orthogonal decomposition y Ã ¼ q Ã þ rw, where q Ã 2 Q Ã 0 and w 2 V 0 (see, e.g., [17] for this particular variant of the Helmholtz decomposition). Since y Ã 2 H ðX; divÞ, we conclude that Dw ¼ div y Ã 2 L 2 ðXÞ. Then, using Young's inequality, we obtain
Since w 2 V 0 and Dw 2 L 2 ðXÞ, the second term on the right-hand side of the last inequality can be estimated by
that is krwk C X kDwk; ð3:7Þ
where C X is the constant in Friedrichs' inequality for the domain X. As Dw ¼ div y Ã , we arrive at the inequality
Using (3.4) we finally obtain the a posteriori error estimate
which is valid for any approximate solution v from V 0 þ u 0 .
To derive an analogous estimate for the general inhomogeneous equation, i.e. for the problem (2.1), (2.2), we consider an auxiliary problem
Then the solution to the problem (3.2), (3.3) is given byũ u ¼ u À " u u. Applying (3.9) to anyṽ v 2 V 0 þ u 0 we obtain (2.4) ). The inequality (3.12) can be rewritten in the form
Since u is the exact solution of the problem (2.1), (2.2), v is any function from V 0 þ u 0 and y Ã is any function from H ðX; divÞ, the estimate (3.1) is an a posteriori error estimate valid for any conforming approximation of the problem (2.1), (2.2). 
Proof. Since (3.1) is valid for any b > 0, we can minimize the right-hand side of (3.1) with respect to b. This immediately leads to the estimate (3.16 (b) The much cheaper way is to project rv, where v 2 V 0 þ u 0 is the found approximate solution to our problem, onto the space H ðX; divÞ by virtue of some suitable projection procedure. This leads to the well-known gradient recovery based error estimation (see [7] , [22] , [23] ), but, unlike the standard estimators of that class, our majorant provides a guaranteed upper bound for the exact error owing to the presence of the additional, residual term C X kdiv y Ã þ f k. The success of a gradient recovery, however, heavily relies on the superconvergence phenomenon that, in turn, can be observed only if the exact solution has a sufficient regularity; (c) Another way of obtaining a good choice for y Ã , which is less costly than solving the dual problem and does not require an additional smoothness of the exact solution, is given by the following Theorem 3.2 Let M 2 ðv; y Ã ; bÞ denote the right-hand side of the inequality (3.1), i.e. 
where the constant C depends only on f, v and C X .
(The theorem implies that ky
Proof. First, we see that for any fixed v 2 V 0 þ u 0 and b > 0 the functional
bÞ is continuous, strictly convex and coercive on H ðX; divÞ, which immediately implies the existence of the unique minimizer y 
that can be rewritten in the form Z
ð3:18Þ
In the preceding section it has been proved (see (2.7)) that p Ã is the minimizer of the functional
the minimizer is obviously unique). The corresponding Euler equation for the functional
Now we consider the function ðy
Exactly as it has been done above in this section, we may use the Helmholtz decomposition ðy
) and subtract (3.20) from the resulting equation, we obtain
has been also used to derive this equation.
We can estimate the right-hand side of (3.21) from above by means of the CauchySchwarz inequality, Friedrichs' inequality for w 2 V 0 and the inequality (3.7) to obtain
from where, using the fact Dw ¼ div ðy
It immediately follows that
and, consequently,
yielding the statement of the theorem. ( It is important to note that, unlike in the penalty method for solving the dual problem, we do not have to set b 0 very small as it is not necessary for our purposes to strongly enforce the constraint div y Ã ¼ Àf in L 2 ðXÞ. The majorant provides an upper bound for the exact error as long as y Ã 2 H ðX; divÞ, and it is close to the exact error if the term C X kdiv y Ã þ f k is dominated by the other term krv À y Ã k in the majorant. The optimal value of b 0 should, obviously, depend on the chosen discretization. By setting the value of b 0 only moderately small, the typical problems of a penalty method, like a severe deterioration of the condition number and the locking effect for the discretized problem, can be circumvented.
Remark 3.4
The constant C X stemming from Friedrichs' inequality is related to the smallest eigenvalue k X of the Laplace operator in X (equipped with the homogeneous Dirichlet boundary condition) by the expression k X ¼ C À2 X . Calculating the smallest eigenvalue in a larger domain leads to a lower bound for k X , and, consequently, to an upper bound for the constant C X . It is worth noting that C X depends solely on the domain geometry, and, thus, must be evaluated only once for the particular domain.
In the majorant Mðv; y
Þ the constant C X is multiplied by the term kdiv y
Ã Þk which is of order of b 0 according to Theorem 3.2. Thus, the majorant is generally not sensitive to possible errors in the constant evaluation.
Next we will investigate the local estimation properties of our error majorant.
Evaluation of local errors by the error majorant
The function eðxÞ ¼j rðvðxÞ À uðxÞÞ j 2 gives the actual distribution of the energy error in the points of the domain X. As a matter of fact, this function provides the information needed, e.g., for performing an adaptive mesh refinement. However, since u is unknown, this function is not at our disposal. The theorem we prove below shows that eðxÞ can be successfully approximated by an explicitly computable function stemming from our error majorant.
Define the function
where y Ã b is the minimizer of M 2 ðv; y Ã ; bÞ as in Theorem 3.2. Define, also, for any r > 0 the set
Then the following theorem holds true: 
Since, according to Theorem 3.2,
it is easy to see that Z Below we discuss this issue more precisely. Let
where fX k g is a certain collection of subdomains. The problem of our interest is to evaluate the quantities
which provide necessary information for further improvement of the finitedimensional approximation. For this purpose, we can use the quantities
The accuracy of the representation of the quantities e k by m b k can be measured by the local effectivity indices 
A Posteriori Error Estimate for Functions that do not Exactly Satisfy the Dirichlet Boundary Condition
Consider the problem (2.1), (2.2) and assume that v is any function from H 1 ðXÞ that satisfies the boundary condition (2.2) only approximately. Our aim is to derive an a posteriori error estimate that accounts this additional error.
First, we introduce the following notation:
The required a posteriori error estimate is given by the majorant M presented in the next assertion. 
Proof. In view of Young's inequality, we have
where a 1 is any positive number andṽ v any function from V 0 þ u 0 . For the second term on the right-hand side of (4.5) we can apply the estimate (3.1)
This is valid for allṽ v 2 V 0 þ u 0 and y Ã 2 H ðX; divÞ. The right-hand side represents the error majorant, and, evidently, ifṽ v ! u in H 1 ðXÞ and y Ã ! ru in H ðX; divÞ, we can choose a 1 ðṽ v; y Ã Þ so that the majorant will converge to the exact error.
However, it is difficult to minimize the majorant from (4.7) with respect to two functionsṽ v and y Ã , and we use once again Young's inequality to eliminate the functionṽ v from the majorant. Indeed, we have 
ð4:10Þ By using the notations (4.1)-(4.3), the latter inequality can be rewritten as
Minimizing the right-hand side of (4.11) over the parameters a 1 ; a 2 and b we obtain (4.4); the corresponding optimal values of the parameters are given by the formulae It is also easy to verify that the estimate (4.4) is consistent in the sense that its right-hand side tends to zero when v ! u in H 1 ðXÞ and y Ã ! p Ã in H ðX; divÞ. u 0 ðxÞ in the domain fx 2 XjUðxÞ U 0 g andṽ v v on the rest of X, where UðxÞ is the distance from x to C and U 0 > 0 is some fixed number.
Numerical Examples
In this section we consider several numerical examples highlighting different features of the proposed error estimator.
In Section 5.1, we investigate systematically the approximation properties of the error majorant in dependence on the parameters such as the polynomial degree of the dual variable and the number of iteration steps for minimizing the majorant. In order to study these dependencies we have chosen a very simple model problem which allows us to vary diverse approximation parameters; the problem is also well-suited to validate the convergence of the error majorant to the exact error, since it is possible to reach the ''asymptotic range'' of the approximation.
In
Model problem
Consider the 2D model problem:
where C 1 is the unit circle with the center at the origin, C 2 is the circle with the same center and of the radius 0.5, X is the domain bounded by C 1 and C 2 . Since the exact solution in polar coordinates depends only on q, i.e. u ¼ uðqÞ, it can be found explicitly:
with C 1 ¼ 13=ð16 ln 2Þ.
As the approximate solution we take
with n 1 ¼ 2, and choose the coefficients v k ðk ¼ 0; 1; 2Þ by the conditions vð1Þ ¼ 1, vð0:5Þ ¼ e and v 0 ð1Þ ¼ 0:5, where e is some given number. We see that while the Dirichlet boundary condition on the boundary piece C 1 is satisfied exactly, the condition on C 2 is violated; the magnitude of the corresponding error, i.e. the parameter e, will be varied in the numerical tests reported below.
The variable y Ã is sought as a polynomial
and we have chosen different values for the polynomial degree n 2 .
In the present case, the term m 0 can be computed directly: 
Choice of constant C X
In the light of Remark 3.4, we have evaluated the smallest eigenvalue of the Laplace operator in the circular domainX X ¼ fx 2 R 2 j jxj < 1g ðX X ' XÞ to obtain the estimate C X 1=3. We emphasize that the overestimation of the constant is not only harmless for the reliability of the majorant (this is obvious) but, also, does not pollute the majorant's efficiency, see Remark 3.4. The last statement is clearly confirmed by numerical experiments.
Minimization of error majorant M 2
To find a good y Ã -approximation, we minimize the ''squared error majorant'' M 2 ðv; y Ã ; a 1 ; a 2 ; bÞ (see (4.10)) with respect to the last four variables. The algorithm of the minimization is given below: where the minimization problem can be solved in a standard way since the majorant M 2 is a quadratic functional with respect to y Ã . The minimization is performed over the set of the polynomial functions (5.6) of fixed degree n 2 . Just one or two iterations were found to be sufficient for a reasonable accuracy of the error majorant. Below we will present a detailed study demonstrating the dependence of the majorant quality on the number of iterations. so as to eliminate the influence of the iteration error. The numerical results corresponding to three different values of the error e in the Dirichlet boundary condition on C 2 are presented in Figure 1 (left). They clearly indicate that an improvement of the approximation to the y Ã -variable leads to a very accurate error estimation by the majorant M. For small values of e, i.e. when the total error is dominated by the errors in the domain, the asymptotic exactness of the majorant with respect to the y Ã -approximation is observed (the effectivity index Mðv; y Ã Þ=krek, where e :¼ v À u is the exact error, tends to 1 with increasing polynomial degree n 2 ); for larger values of e the influence of the boundary error becomes more pronounced. The overestimation can be possibly explained by the factor 2 in front of the term m 0 ðvÞ in the majorant M: it occured as a result of the repeated application of the triangle inequality and, thus, in many cases, exceeds the optimal value of the factor. It is noteworthy, however, that the effectivity index monotonically decreases (down to the value % 1:6 when e ¼ 0:1) with increasing accuracy of the approximation of y Ã ; since M cannot be smaller than the norm of the exact error, the reliability of our error estimator is always preserved, i.e. the estimator always provides an upper bound for the norm of the error. Figure 1 (left) clearly shows that the improvement in the effectivity index caused by the increase of degree n 2 from 1 to 2 is apparently greater than the improvement due to the increase of n 2 from 2 to 3 (the relative decrease of the effectivity index is about 20% in the first and only 5% in the second case). This suggests that the value n 2 ¼ 2 ¼ n 1 for the polynomial degree of y Ã -variable is optimal from the viewpoint of both the accuracy and computational cost, as a further increase of n 2 does not bring a significant merit.
Choice of the number of iterations for minimization
of the error majorant M , already the first iteration yields the effectivity index exceeding by only 15% its minimal value for the chosen degree n 2 (this minimal value was normally reached within 5-6 iterations). The second iteration brought further % 8% decrease of the effectivity index, and the relative decrease of the effectivity index due to the third iteration was about 4%. Thus, just one iteration can be recommended in all cases, and the second iteration may be used when one needs an improved accuracy of the error estimation; the third iteration brings too small accuracy improvement to pay off the increased computational cost.
Asymptotic behavior of the weights a 1 ; a 2 ; b in the majorant
Here we analyze the behavior of the parameters a 1 , a 2 and b depending on the polynomial degree n 2 of the y Ã -approximation for the case e ¼ 0:1. The parameters a 1 and a 2 remain nearly constant for all values of n 2 , which reflects the fact that the term m 
The local error representation by the majorant
The majorant reproduces the local behavior of the exact error with a good quality, as can be seen in Figure 2 (right). The error in the boundary condition on C 2 was taken small here ðe ¼ 0:001Þ. In the figure we plot the functions jrv À ruj 2 (the exact energy error) and ð1 þ a 1 Þð1 þ bÞ 1 þ
(the integrand in the majorant M 2 ðv; y Ã ; a 1 ; a 2 ; bÞ) as functions of the variable q. One can see that even with the 2nd degree y Ã -approximation the qualitative behavior of the exact energy error is captured correctly, while the 5th degree yields also the quantitatively correct behavior of the error.
Some conclusions concerning the selection of control parameters
Having in mind the obvious trade-off between the accuracy of the error estimation and the computational cost of evaluating the majorant, we can summarize the main results of the presented above numerical experiments:
it can be recommended to choose the polynomial degree of approximation for the dual variable y Ã equal to the degree for the primal variable v; one or two iterations are generally sufficient for minimizing the error majorant M 2 , and, hence, for obtaining a good y Ã -approximation.
In addition, we observed that, if the Dirichlet boundary conditions are satisfied precisely, the asymptotic exactness of the error majorant is achieved with an increase of the polynomial degree for y Ã . The solution is shown in Figure 3 ; the function u 0 is specified as
ð5:11Þ
We have to note that u exact satisfies the condition (5.11) with the error % 10 À8 that can be considered negligible in the present numerical tests.
To approximate the problem (5.8)-(5.10) we make use of the so-called penalty/ fictitious-domain method which is rather popular in computational fluid dynamics community (see, e.g. [3] , [4] and the references therein). The penalized problem reads as follows: 
ð5:13Þ
where v x is the characteristic function of the domain x, andf f is the original righthand side f extended into x (for example, by some constant value; we setf f ¼ 30:0 in x). The main peculiarity of the method, rendering it as particularly attractive for computing the flows with moving solid objects, is that the mesh does not have to be adjusted to the curvilinear parts of the domain boundary (see Figure 3) . However, this convenience is accompanied by the unavoidable error in the approximation of the Dirichlet boundary condition on the curvilinear parts, where the condition is satisfied in a weak sense only. It is also worth noting that the finite element solution of the penalized problem does not, in general, possesses the Galerkin orthogonality property with respect to the original problem (which is a requirement of most existing error estimators).
We start with e ¼ 10 À7 , which is small enough to make the ''boundary error'' (m 0 ) almost negligible as compared to the ''domain error'' (m d þ C X m f ), and observe the convergence rate of our majorant with respect to the mesh width in Figure 4 (left). Obviously, the majorant decreases with optimal rate for both P 1 and P 2 finite elements (we used the same approximation for the primal and dual variables and a uniform mesh refinement).
In Figure 5 the local error distribution delivered by the elementwise computation of the m d term of the majorant is shown. It agrees very well with the exact error distribution. The addition of the residual term C X m f slightly spoils the local picture, hence, we use a simple error indicator m d in accordance with Remark 3.5.
Next, we investigate the influence of the boundary error by taking sufficiently rough penalty parameter, namely e ¼ 10 À1 . We can obtain a detailed information The detailed information delivered by the term m 0 can be used to adaptively improve the approximation near C 2 until the boundary error will become smaller than the error in the domain.
In Figure 4 (right) we demonstrate the convergence of the majorant with respect to the penalty parameter e, when the mesh size is sufficiently small (h ¼ 1=240). The convergence rate is slightly better than theoretically predicted Oðe 1=4 Þ (see [3] and [4] ). The most important fact is that the majorant obviously provides a reliable upper bound for the exact error even when the error in the approximation of boundary conditions is very large.
Comparison with the Residual Error Estimator
In order to assess the computational efficiency of our error majorant, we compare it with the standard residual-based error estimator on the model problem in the Lshaped domain. Namely, we consider the problem (2.1), (2.2) with u 0 0 and f 1 in the domain X ¼ ðÀ1; 1Þ Â ðÀ1; 1Þ n ½0; 1 Â ½0; 1 (see Figure 7) . Let T be a regular triangulation of " X X and v the Galerkin finite element solution to the problem,
The residualbased a posteriori error estimator (see, e.g., [2] , [5] , [8] , [21] ) states
; ð5:14Þ where h T is the diameter of triangle T , h E the length of edge E of T (E being the set of all edges), J ð. . .Þ the jump across E and n E the normal to E. While the estimator is easy-to-use and became very popular, its real performance strongly depends on the evaluation of the constants c 1 and c 2 . In [8] it is shown that c 1 and c 2 in (5.14) can be estimated from the constants in the Cle´ment interpolation estimates (see [11] ) which depend on the geometry of C and on the triangulation T (namely, on the shape of the triangles of T). The rigorous analysis of [8] provides the explicit upper bounds for c 1 and c 2 ; these bounds were used in [8] for evaluating the effectivity index of the estimator (5.14). We consider here the same model problem as in Section 6 of [8] and evaluate the effectivity index of our error majorant. In accordance with the conclusions of Section 5.1.8, we utilize the equal-order P 1 approximation for the primal variable v and the dual variable y Ã and, starting with the initial value of the parameter b equal 0.5, perform only one iteration for the minimization of the majorant M 2 .
For a sequence of uniform meshes, Table 1 displays the number N of degrees of freedom, the energy norm of the exact error e ¼ v À u, the value of the error majorant Mðv; y Ã Þ and the effectivity index Mðv; y Ã Þ=krek. The 3rd and the 5th columns of the table illustrate the convergence rate: for two subsequent meshes with N 1 and N 2 degrees of freedom, the 3rd (resp. the 5th) column contains the ratio of À logðkre 1 k=kre 2 kÞ (resp. À logðM 1 =M 2 Þ) to logðN 1 =N 2 Þ, where the index ''1'' corresponds to the first and the index ''2'' to the second mesh. The results of Table 1 indicate that the Galerkin scheme with a uniform mesh refinement converges like Oðh 2=3 Þ, i.e. OðN À1=3 Þ, where h ¼ OðN À1=2 Þ is the mesh width; this agrees with the well-known theoretical predictions for the problems with reentering corner. The error majorant decreases with the same rate and the effectivity index remains between 1.06 and 1.22. This is in a contrast to the effectivity index of the residual-based error estimator (see Table 8 in [8] , where the results for exactly the same numbers N are presented); the index of the latter estimator is in the range of 26 to 35. Thus, the residual error estimator overestimates the exact error at least in % 20 times more than our error majorant does.
To improve the convergence rate one can use the adaptive meshes; we have generated those meshes by virtue of the error indicator m d (the same refinement strategy was chosen in [8] ). Figure 7 demonstrates some steps of the mesh refinement process, while the results on the convergence of the exact error and the error majorant are shown in Table 2 (the notations are the same as in Table 1 ). Now the convergence rate is improved to the optimal OðhÞ, i.e. OðN À1=2 Þ, for both the exact error and the majorant, which justifies the mesh refinement guided by the error indicator m d T . Since we used some Delaunay-type triangulation algorithm that is different from the one utilized in [8] , we could not obtain exactly the same numbers of degrees of freedom as in Table 9 of [8] ; however, the range for N in our experiments was roughly the same as in Table 9 of [8] . It is clear from Table 2 that the effectivity index of our majorant stays between 1.06 and 1.2, while the index of the residual-based estimator ranges from 46 to 70 (see [8] , Table 9 ). Hence, with the adaptive meshes, the overestimation of the residual error estimator is at least 38 times greater than the overestimation due to the use of the error majorant.
In [9] , the constants c 1 and c 2 were estimated by solving some local eigenvalue problems on the typical patches of the triangles (the configuration of the patches depends, of course, on the geometry of the domain boundary and on the particular triangulation). The computations performed in [9] for the L-shaped domain used the high (typically, 4th) degree elements to solve the local eigenvalue problems and resulted in the improved values for c 1 and c 2 as compared to those in [8] ; the corresponding effectivity index of the residual-based error estimator was between 2.5 and 3.0 (resp. 2.5 and 3.8) with the uniform (resp. adaptive) meshes. This shows that the effectivity index of our error estimator is at least 2 times better than the index of the residual-based error estimator, even when the latter estimator is equipped with the more accurate values of the constants c 1 and c 2 .
Computational Complexity
In order to address the computational complexity of the presented error estimator we denote by N the total number of degrees of freedom used for the discretization of the primal variable. We assume that both, the linear system for the primal and for the dual variable, can be solved in linear complexity, e.g. by the multigrid method. The polynomial degrees of approximation for the primal and dual variables are chosen to be equal. Hence, the dimension of the dual system is 2N and the solver requires C Á 2 Á N arithmetic operations for the dual and C Á N operations for the primal system.
The iterative algorithm suggested in Example 5.1 for minimizing M 2 has been shown to yield a reasonably accurate error majorant after 1-2 iterations. The same number of iterations has been also used in other numerical examples. Since each iteration requires a solution of the linear system for the y Ã -variable, the total number of arithmetic operations needed for evaluation of our error estimator ranges between 2CN and 4CN . Thus, we may conclude that the computational cost of evaluating our error majorant is from 2 to 4 times higher than the cost of computing the solution to the original problem.
Although, at the first glance, the proposed error estimator may seem to be relatively costly, the example of Section 5.3 shows that our estimator may be even cheaper than the standard residual-based error estimator, if we compare the amount of work needed to guarantee a prescribed accuracy of the solution. This is a consequence of the absence of any discretization-dependent constants in the estimator: the presented estimator contains a single constant stemming from Friedrichs' inequality and, hence, depending only on the domain geometry. The constant can be easily estimated from above and the estimator is quite nonsensitive to the constant overestimation.
Conclusions
The most salient feature of the presented error estimator is its independence of the discretization method; it may work with any approximate solution that belongs to the Sobolev space H 1 . Moreover, we emphasize that our error estimator is by no means restricted to the discretizations obeying the Galerkin orthogonality and the Dirichlet boundary conditions as it is required for most other error estimators. It is also worth noting that the estimator does not use any regularity assumptions concerning the exact solution.
The other remarkable strength of the proposed error estimator seems to be the guaranteed upper bound for the exact error. The feature is extremely important for providing the stopping criterion of an adaptive process as well as for an assurance that the approximate solution has been computed with the accuracy not worse than the prescribed one. While the indication of the local error distribution needed for an adaptivity is a strong side of many existing error estimators, the most of them may fail to provide an upper bound for the exact error when they work with some particular (rough) approximations. In this respect, the proposed error estimator may be rendered as trully reliable, since it always provides an upper bound for the exact error. Thus, the estimator can be utilized as both the error indicator and the stopping criterion for a mesh adaptation.
The future research directions are the extension of the presented method to more general boundary value problems and its combination with more general finite element discretizations (see [14] ).
